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is  the Reynolds number  for  jet ;  
is the je t  veloci ty  at  slot;  
is the k inemat ic  fo r  bed v i scos i ty ;  
is the s lot  width. 
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L A W S  G O V E R N I N G  G A S - B U B B L E  M O T I O N  IN 

A F L U I D I Z E D  B E D  

Y u .  S. T e p l i t s k i i  a n d  A .  I .  T a m a r i n  UDC 532.546 

Laws governing the motion of pa r t i c l e s  and gas bubbles in a nonuniform fluidized bed a r e  analyzed 
on the bas i s  of a var ia t iona l  method for  desc r ib ing  the hydrodynamics  of a f luidized bed [1] using 
functions of the potent ia l  motion of phases  around an individual bubble [2]. Theore t i ca l  r e su l t s  
a r e  compared  with exis t ing  expe r imen ta l  data [6-17]. 

The eff ic iency of technical  p r o c e s s e s  taking place  in a fluidized bed is de te rmined  to a considerable  e x -  
tent  by the nature  of gas-bubble  motion.  

A l a rge  amount  of expe r imen ta l  m a t e r i a l  has  been accumula ted  on the laws governing the motion of indi-  
vidual bubbles a r t i f ic ia l ly  injected into a f luidized bed a t  f i l t ra t ion r a t e s  close to the ra te  for  initiation of f luidi-  
zation [3]. Relat ions  were  es tab l i shed  which de te rmined  the veloci ty  and size of such bubbles.  Potent ial  func-  
t ions w e r e  a lso  obtained which desc r ibed  the motion of phases  in the neighborhood of a r i s ing  gas bubble [2, 4, 
5]. 

The re  is a l a rge  amount  of data on the motion of bubbles in a fluidized bed at f luidization numbers  g r e a t e r  
than one [6-17]. The r e su l t s  of the va r ious  inves t iga tors  a re  cont rad ic tory ;  the laws governing the motion of 
bubbles a r e  not c l ea r  and the re  a re  no sufficiently jus t i f ied theore t ica l  models  which would make  it poss ib le  to 
obtain quanti tat ive laws governing the motion of the bubbles.  

I t  was  shown [1] that  one can obtain a r ep re sen ta t i on  of the averaged  veloci ty  and phase  concentrat ion 
f ie lds  in a nonuniform fluidized bed by using a var ia t iona l  formula t ion  of the motion of a two-phase  sys tem.  

We consider  the following s impl i f ied  model  of a sys t em.  We confine ourse lves  to the two-dimens ional  
case .  In accordance  with the concepts  of the s imp le s t  two-phase  theory  [3], we consider  a fluidized bed con-  
s is t ing  of an emuls ion  phase ,  in which the pa r t i c l e  concentra t ion is constant  and equal to E 0, and ascending gas 
bubbles. We a r b i t r a r i l y  divide the bed into ce l l s ,  each of which cons is t s  of a bubble with a following hydro -  
dynamic  wake and surrounding emuls ion  phase .  The s ize  of the cell  and the radius  of the bubble will  i nc r ea se  
during motion f r o m  below upwards .  The ra t e  of bubble r i s e  will i nc rease  correspondingly .  We introduce the 
quantity n - the number  of bubbles at  a d is tance h ve r t i ca l ly  above the gas -d i s t r ibu t ion  grid.  

The veloci ty  f ie lds  of the gas and p a r t i c l e s ,  and a lso  the s ta t ic  p r e s s u r e  field outside the bubble and i ts  
hydrodynamic  wake,  a r e  desc r ibed  by known functions [2] which in a fixed coordinate s y s t e m  with an or igin 
coinciding with the center  of a r i s ing  bubble at  a given t ime  a re  of the f o r m  

a) veloci ty  of solid phase:  

A. V. Lykov Inst i tute  of Heat  and Mass T r a n s f e r ,  Academy of Sciences of the Be loruss ian  SSR, Minsk. 
T rans l a t ed  f r o m  Inzhenerno-F iz i chesk i i  Zhurnal ,  Vol. 34, No. 3, pp. 409-416, March,  1978. Original a r t i c l e  
submit ted  March 24, 1977. 
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w x = u  b - k lu  b 1+ 4(x 2+g2) 2 (x 2 + y2)2 ; 
(1) 

k l u b D ~ x y  . 
w,, = 2 (x z + y~)2 ' (2) 

b) veloci ty  of f luidizing agent  

D~(1 + vo,/klub) ( 
vx = vo, + u b -- k~u b 1 -? 7i (~--~ ~-~ \ 1 

D~ (vo, + klub) xy; 
vu = 2 (x~ + g._)2 

2x, )]; 
xZ+ y2 

(3) 

(4) 

c) s ta t ic  p r e s s u r e  

P = P b - - ( F ' - - I ) [  x -  4 (x 2D~x-+- g2) ]" (5) 

For  the region of the hydrodynamic  wake of the bubble,  we a s s u m e  

a) ve loc i ty  of solid phase  

w x=ub; w~=0;  (6) 

b) velocity of gas 

v~ = vo, -}-ub; vy =- O; (7) 

c) s ta t ic  p r e s s u r e  

a__p = i - -  F2; a_p = 01 (8) 
ax ay 

We introduce the quantity u~ = ktu b in place of u b in Eqs.  (1)-(4). This  c i r cums tance  re f l ec t s  the we l l -  
known expe r imen ta l  fac t  that  pa r t i c l e  motion in a f luidized bed is c i r cu la to ry ;  the sinking motion of solid p a r -  
t i c les  r e l a t ive  to the wal ls  of the appara tus  in the space  between bubbles is balanced by the r i s ing  mot ion of the 
m a t e r i a l  in the hydrodynamic  wakes  of the bubbles.  In Eqs. (5) and (8), note that  1 - F t and 1 - F 2 a r e  a v e r -  
aged d rops  in s ta t ic  p r e s s u r e  along the ve r t i c a l  for  the cor responding  regions .  We a s sume  the gas p r e s s u r e  
within the bubble (Pb) is constant.  

We wr i t e  the functional o f  [1] for  this ce l lu la r  model ,  having modif ied it  somewhat :  

L =  ~ ~n~ ~  Opvo axi _} 1Fr E~ "{- 
0 S~ 

+ -~x~ v,~-E0w[w~ -}-Kf(E~176176 :}: at -~uo)jdSdt, (9) 

the minus sign for awl/at refers to the time derivative of the descending circulatory component of w x from 
Eq. (i), which is (I - kl)U b since dt = -dl~u b for this derivative. All quantities are dimensionless in Eqso (1)- 
(9) and in the following, and primes are omitted for convenience. 

By considering the form of the functional (9) and the condition for retention of particles in the system, it 
is e a sy  to show that  L is the power  the gas expends during f i l t ra t ion  through the bed. 

We subst i tute  the s y s t e m  "of t r i a l  functions (1)-(8) into Eq. (9). 

Af te r  in tegra t ion  o v e r  the cell  vo lume,  we obtain 

';-1 

L = [~ n~ ,IEu (l -- E0)(F l --  l)[ v ~ +(l -- kl)u~ Eu E 0 (F I - I )  x 

0 
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• (1 - -k : )  u ~ 2--]-I E o (1 --#~)u b - -Eu  (F ~ -- l)[vo,  --  (I --kz)%1 + 
' Fr 

o. ,  - -  (I kl) 2 E ou b duo I a + K/(E o) Vo, ,,o, - -  ' - d F  J T (b2--D~b)dt § 

+ ~ nOu $ {Eu  (1 - -  Eo)(F~ - -  1 ) [v~  = k~u~ § Eu Eo ( F , - -  l ) /~ ,u  ~ - -  

0 

- -  Eu (F ~ - -  1)(Vo, + k~Ub) + K/(Eo) v~ ~- 
;- ,  

k'lEoUb dt } '4 dt-~ n~ ~ E u ( I - - E o ) ( F : - - I ) •  
0 

• o , + u  o ) + E u E  o ( F , - l ) % ~  �9 I "~-~'-r E~ Eu(F~ - -  I)(vo, + %) + 

' Z d uo ] .n ~aD:dt. 
+K/(Eo) v~ oUb dt J 4 1 . (1o) 

By varying L in the form (10) over v0i, v02, and Ub, we obtain the following relations (after variation, 
quantities with and without the superscript 0 are equated to one another [11): 

Eu (F z - -  1) = Kf (E  o) Vo, (11) 

(var ia t ion  o v e r  vot), 

E u  ( F  z - -  I)  = K / ( E o ) v o .  

l 
E o - - E u ( F  , - 1 ) - ( l - k , ) E  o dub ] ( 1 - - k ~ ) 4  (bZ--/~b) "~- 

dt J 

+ - - E u ( F z - - l ) + E ~  dt J k z 4  -~'b 1 - -  ,--~- = 0  

(va r i a t ion  o v e r  v02), 

(12 )  

(13) 

(va r i a t ion  o v e r  u b - cont inuous  p h a s e ) ,  

i dUb 
--L-" E o - -  Eu(F 2 -  1) + E o = 0 (14) 
Fr dt 

(va r i a t ion  o v e r  u b - r eg ion  of bubble wake) ;  Eqs .  (11) and (12) r e p r e s e n t  equat ions  of ba lance  fo r  gas  m o m e n -  
t um in the c o r r e s p o n d i n g  r e g i o n s  in t e r m s  of the t r i a l  funct ions  (1)-(8). Equat ions  (13) and (14) a r e  the a n a l -  
ogous  f o r m  of the s u m  of the equa t ions  of  ba l ance  f o r  the m o m e n t a  of so l id  p a r t i c l e s  and gas .  

A log ica l  consequence  of t w o - p h a s e  t h e o r y  is  the fol lowing equa l i ty ,  

nubEu(1--Eo) (F 1 -  l)vo, -~- (b2--D~)dt + n% Eu ( 1 - -  Eo) X 

0 

x ( F a - - l ) v o , - ~ -  b 1 - -  dr+ n% Eu (l - -  Eo) (F., - - 1 )  ~,-: 

0 

• vo,---~ ~ D~b--~-=l ~-~. dt .--: 3 n%Eu(1--E~ b2--D~ d t=L~ (15) 
0 

s ince  in a c c o r d a n c e  with this  t h e o r y ,  the r e l a t i v e  ve loc i ty  of the p h a s e s  r e m a i n s  on the a v e r a g e  equal  to v 0 as  
it  w a s  a t  the beginning  of f lu id iza t ion;  L 0 is  the p o w e r  which  the gas  expends  dur ing  f i l t r a t ion  th rough  the bed a t  
the beginning of f lu id iza t ion .  

Us ing  Eqs .  (11)-(14) and Eq. (15), the funct ional  (10) t akes  the f o r m :  
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,=L0+ n++Eu, l +l, ub (b: ++ 
0 

~--I p--I 

+ C nubEu(F 1 1) klub _ ~ D : [ l _ ( ~ _ k )  2] ~ n <:Z - -  dt + n% Eu (F 2 -- 1) % - -  �9 D~dt. 
.j 4 l + a  
0 0 

(16} 

Substituing in Eq. (16) the express ions  for F1 - 1 and F 2 - 1 f rom Eqs. (13) and (14), we obtain 
~-, 

L = Lo + / 4 nub I ( t -  kl)( b2 --  D~)~--- Eo--(1--/~)z(b2--O: ) E0 • 
t) 

/ 

t 
0 

9--1 

+. [ ] x T + k ~ D ~  I - -  E o dub l a % d t q  - {'nubrEo 1 ubq-Eou b dub ~ c~ D~dt. (17) 
dt J 4 J [ Fr T 4 1 + ~  

0 

At the beginning of fluidization (u = u0)k j = 1 and Db = O, and the natural  conclusion L = L 0 follows from 
Eq. (17). 

The physical meaning of Eq.(17) is the following: The excess power of the gas (L - L0) is expended in 
accelerat ion of the par t ic les  and in an increase  of their  potential energy in the gravitational field within the 
hydrodynamic wakes of the bubbles, and in accelera t ion of the apparent m a s s  ofabubble (ppk~E0(r/4)I~[1 - (Db/ 
b)2]). The lat ter  resul t s  f rom accelerat ion of par t ic les  around a bubble because of the increase in its velocity. 
In the continuous phase,  there additionally occurs  conversion of the potential energy of the par t ic les  and of the 
kinetic energy of their  descending c i rcula tory  motion into potential energy of the gas. 

Using the equality 

7,-t },-t 

~ n%[~r E~ ] 4 (bz D+)dt + ~ nu+-~r E~ g4 l+aa  D+dt =O, (18) 
0 0 

which ref lects  the equality of the c i rcula tory  flows in the sys tem,  we obtain f rom Eq. (17) 

j' [ u (b z ~ nubleiEo % ~  d% ~ (~__bb) 2] L=Low nub (2 kx)(k, 1) E~ dUb]dt 3-4  D2)dtq- T ~ I dt. 
o 0 

A s suming 

L = nub Eu (Fay-- 1)u -4- b dr, 
0 

where F a v -  1 = Ap/~, and using the equality 

(19) 

(20) 

we obtain f rom Eq. (19) 

(Fav--1)b2= (F--1) (b2--D~ l.~a), (21) 

d m  Eu (Fay l ) (u - -u  o) E0ub-: ~ -  {(2--kl)(k I -  I)[I Eb(l q-a)] +k~Eb(] q-a)[]--Eb(l q-cz)]}, 

where [I/(l+a)](Db/b) 2 = E b is the concentration of bubbles in the system. 

In dimensional form, Eq.(22) will be 

(22) 

�9 dub - g(u--no) = u b T P { ( 2 - - k O ( k  ~ -- 1)[1 Eb(1 q-a)] q- k] Eb(1 q- a)[l --Eb(1 q- a)]}, (23) 

assuming Ap/H 0 = pp gE 0 in Eq. (22). 

Relations such as Eq.(18) are obviously valid for each cell so that one can write 

(k 1 --  1) [ 1 --( 1 q- a) Eb] = aE b. (24) 
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~ . _ _ _ ~ _ ~ = o ~ . c r ~ t -  - * '~_g?J  - I I I I o - -  3 a - - 1 5  

t I F . ] ~ ' - , " ~  i ' 1 I I I o - 5  ~ - ~ T  

I I ! I I I I * - 7  
I .  I , ~ 7 - 7 o  ]c~ ] ; I i I ! v - -  e > - - Z O  i 

, ,o~ " l - : - z - ~ _ ~ /  % 1 , , o  ' ~ ' " ! 

to z o a /o g , 6 to z 4 e ( u - u o } h  

Fig. 1. Ver t ica l  bubble size Dh, cm,  as a function of (u-u0)h,  era2/ 
see: 1-5) [6] (for par t i c les  of aluminum, carbon,  quar tz ,  glass beads,  
and powdered glass ,  respec t ive ly) ;  6) [9]; 7) [10]; 8, 9) [11] (61 x 61 
cm and 122 • 122 cm columns,  respect ive ly) ;  10) [12]; 11) [13]; 12) [14] 
(rounded par t ic les ) ;  13) [14] (part icles  of i r r egu l a r  shape); 14) [8]; 15) 
[15]; 16) [16] (values calculated f rom exper iments  on expansion of bed); 
17) [17]; 18) [16] (values calculated f rom exper iments  on mass  t r a n s -  
fer) ;  19, 20) [7] (sand and si l ica gel,  respect ively) .  

Using Eq.(24), Eq.(23) takes the fo rm 

g(u--uo) = xF(~,Eb)U b dub (25) 
dt 

Neglecting t e r m s  such as a E b ,  (aEb) 2, and Eb(E b - ~) in ~(~, Eb) = ([2 - k i ] ~ E  b + ~Eb [1  + a][1 - E b ( 1  + 
(~)|)~) and assuming k 1 ~ i ,  we obtain the approximate  evaluation 

�9 (~, Eb) ~ Eb~ = (~ - -1) ,  (26) 

for  9(~, Eb) , where it  was assumed ~ = 0.2-0.4 [3], E b = 0.1-0.2,  and E b constant over  the height of the bed. 

By consider ing developed fluidization modes  where bed expansion is s tabil ized, ,  i t  is possible to consider 
the coefficient  q~(~, Eb) independent of (u - u0) and to assume i t  is a constant: ~(~, Eb) = C. 

By express ing  the re la t ion between dh and dt,  dt = dh/u b, we obtain f ro m  Eq. (25) 

Ub 

u~,du b = --~ g ( u - - u o )  dh. (27) 

u- -U  o 0 

when the r e m a r k s  made above are  taken into considerat ion.  After  integrat ion we have 

At high f i l t rat ion ra tes  where  the quantity p - 1 is independent of (u - u 0), the ra t io  (u - u0)/Vb can also be 
considered independent of (u - u0). We then obtain f ro m  Eq. (28), 

vb ~ q0 [(u - -  %) gh] l/a. (29) 

We use the well-known relat ion between the re la t ive  ra te  of bubble r i se  and bubble d iamete r  [3] 

v b = k~Vg-Gb. (30) 
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Using Eq. (29), we obtain f rom Eq.(30) 

D b q = ~ [ ( u  - -  u 0 ) h ] 2 / 3 .  

iT g (31) 

For  compar i son  of the var ious  published data on gas-bubble s izes ,  all information about their  s izes was 
reduced by us to a single quantity - the ver t ica l  dimension of a bubble (Dh) assuming a relat ion between D h 
and D b in the fo rm D h = (t7D b [14]. 

Figure  1 shows data f rom [6-17] t rea ted  in accordance  with Eq. (31). As is c lear  f rom the f igure ,  all 
exper imental  points are  general ized by a s t ra ight  line with a slope of 2/3 in the selected coordinate sys tem.  
The equation for  this s t ra ight  line is 

1.3 
D a = D o + ~f---~ [(u - -  uo) hie/S. (32) 

The re la t ive  s tandard deviation of the exper imenta l  points about  Eq. (32) is 20~ Note that D o ~ 0 for  all  dat~ 
except  for resu l t s  f rom [11] in which gas-bubble s izes  were  studied in columns with bubble-cap gas d i s t r ibu-  
to r s ;  in that case ,  D O = 4 era. 

Thus,  the relat ion (31) found is well conf i rmed by numerous  experimental  data. Equation (32) can be 
used for  calculating the size of gas bubbles in commerc ia l  equipment with a fluidized bed within the following 
pa rame te r  ranges :  10 - Dk -<- 180 cm; 0.5 --- u 0 -< 8 cm/sec ;  40 - (u - u0)h -< 7000 cm2/sec (D k is the d iameter  
of the equipment). 

b 
D b, Dh 
Do 
H0, H 
h 
g 
k 
H/H 0 = 

Pb 
P0, P 
ap 
kl, k2, q0, q 
Sc 
u b, Vb 

u o, u 
v i, Wi 
v 0 = Uo/(1 -- EO) 
t 

T O 
x~y 

Db/H 0 =D~; b/I-I 0 = b ' ,  x/H 0 = 
x ' ;  y/H 0 = y ' ;  Ub/(U - u0) = u~; 
v0/(u - u0) =v~; u~/(u - u 0 )  = 
u S u / ( u  - u 0 )  = u ' ;  u 0 / ( u  - Uo)  = 

P/P0 = P' ;  Ap/P0 = Ap'; t /T  0 = t '  
F - 1  

Eu = p0/pp(U - u0)2 
Fr = ( u  - u0)2/gI~0 
K = kH~Op(U - u0) 

E0, E 
Pp 

N O T A T I O N  

is the cell  d iameter ;  
a re  the d iameter  and ver t i ca l  dimension of bubble; 
is the initial d iameter  of bubble; 
are  the height of bed at f i l t rat ion ra tes  u 0 and u; 
is the above gas-dis t r ibut ion grid; 
is the acce le ra t ion  of f ree  fall; 
is the coefficient  of fr ict ion;  
is the expansion of bed; 
is the p r e s s u r e  in bubble; 
a re  the a tmospher ic  and stat ic  p r e s s u r e ;  
is the p r e s s u r e  drop in bed; 
are  the dimensionless  coefficients;  
is the cell  a rea ;  
a re  the absolute and relat ive ra tes  of bubble r i se ;  

= klUb; 
are  the initial rate of fluidization and f i l t rat ion ra te ;  
a re  the gas and par t ic le  veloci t ies ;  
a re  t.he veloci ty in gaps between par t ic les ;  
is the t ime;  

= Ho/(U - %); 
are  the coordinates;  

| 

u0 
a re  all dimensionless  quantit ies;  

=Ap~; 
is the Euler  number ;  
is the Froude number;  
is the dimensionless  coefficient of fr ict ion;  
is the f ract ional  volume of hydrodynamic  wake of bubble (fraction of bubble 
volume);  
is the par t ic le  concentrat ion in continuous phase at u 0 and u; 
is the par t ic le  density. 
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O P T I M A L  H O R I Z O N T A L  P N E U M A T I C  T R A N S P O R T  

V. V. K a z a n t s e v  a n d  M .  B. R i v k i n  UDC 621.867.8 

A study has been made of the effects of periodic large-scale pressure perturbations on the pas- 
sage of air through a moving bed of granular material  in dense-phase horizontal pneumatic 
transport. 

Experiment shows [1] that horizontal pneumatic transport allows the throughput to be increased by in- 
creasing the air speed up to some limit, after which an adverse effect sets in, which cannot be explained in 
terms of existing views on the mechanism of motion in high-concentration two-phase mixtures,  according to 
which the mixing in the lower layer of material  (bed) occurs on account of the tangential s tresses proportional 
to the air speed acting at the phase interface [2]. Also, this model falls to explain the very considerable pres-  
sure fluctuations accompanying the motion of the mixture through the pipeline (Fig. 1). 

The studies on the structure of high-concentration flows [3] provide the following model for the trans-  
port; most of the material  is transported in the lower part of the pipeline at a constant porosity m 0 as a 
bed whose height and structure vary little along the length [2]. Ridges or dunes travel along the upper sur-  
face of thebed [4]~ and the air  flowing over thesegives rise to periodic pressure perturbations, which in- 
teract  with the air  flowing through the bed. This in turn gives rise to an oscillating force within the bea~ 
which is directed along the line of flow and tends to accelerate the bed. 

As the frequency of ridge passage is a single-valued function of the air speed, we have to examine the 
transient-state passage of the air through the bed for a fixed porosity in response to two forces: a constant 
pressure gradient and a periodic pressure perturbation at the upper boundary. 

The following is [5] the linearized equation for isothermal infiltration: 

02P 02P OP 
- -  - - - - M  = 0 ,  

~,x ~ -+ Oz 2 Ot (1) 

O < x < L ,  O . < z < H ,  t > O ,  M=emo/kpo,  p = p 2 .  

Translated from Inzhenerno-Fizicheskii Zhurnal, Vol. 34, No. 3, pp. 417-422, March, 1978. Original 
article submitted February 15, 1977. 
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